PMM U.S.S.R.,Vo0l.51,No.2,pp.251-256,1987 0021-8928/87 $10.00+0.00
Printed in Great Britain ©1988 Pergamon Press plc

FRACTURE OF MATERIALS UNDER COMPRESSION ALONG A PERIODIC SYSTEM
OF CRACKS UNDER PLANE STRAIN CONDITIONS

A.N. GUZ and V.M. NAZARENKO

Elastic deformations in materials are considered within the framework of
a three-dimensional linearized stability theory. On the basis of a
fracture criterion proposed earlier /1, 2/ critical values are specified
for the compression strain and stress under plane strain corresponding
to the beginning of material fracture under compression along a periodic
system of cracks.

L. we consider an infinite series of cracks
{z: = (2hn), [z, | <@, ~0 <z3< +x}, n=0,-41,42, ..

(z; are lLagrange coordinates that agree with Cartesian coordinates in the unstrained state).
Because of compression in the direction of the z; axis (parallel to the planes of the cracks),
a homogeneous subcritical state occurs in the material /2/

0'“0 =const, 0210 - 07 011° * Ov (7830 #* 0 (1'1)
Uy =0im (M — 1) i Ay=const, Asy=1 (i=1,2, 3)

{M are elongations along the axes, A <1, 8§;; is the Kronecker delta, and ¢° is the
symmetric stress tensor). The perturbation of the displacement vector u and the non-symmetric
Kirchhoff stress tensor t are used in formulating the linearized problem.

The crack edges are stress-free. The boundary conditions for the linearized problem are
written in the form (the crack edges are marked by the plus and minus subscripts)

by =0, 1y =0 (2, = (2kn)s, |2, | <a, n=0,41,+42,...) {1.2)

In connection with the periodicity of the geometric and force diagrams of the problem,
it is sufficient to examine just the layer |z,|<{h. Because of the symmetry of the con-
figuration about the plane &z, =0, we represent the stress and displacement fields in the
form of sums of a symmetric part (symmetric buckling mode) and an antisymmetric (bending
buckling mode) part relative to this plane, and because of the linearity of the problem we

will investigate them separately. Consequently, the problem is reformulated for the layer 0
z, <k as follows:

g =0 (2, =0, [2,|>a), tu =0 (2, =0, |2, | <a) (1.3)
ly=0(@,=0,|2, | 20), ug =0,t,y =0z, =h, |2, | > 0)

where @ = 2, y =1 for the symmetric buckling mode, and @ =1, y = 2 for the bending mode.

2. wWe will carry out the investigation in general form for the theory of large, and two
versions of the theory of small, subcritical strains, compressible and incompressible bodies
with an arbitrary kind of elastic potential for the cases of equal and unequal roots of the
characteristic equation (the terminology of /2/).

We select the general solutions of the equations of the linearized theory for the sub-
critical state (l1.1l) in the following form /2-4/.

For equal roots (n, = n,)

2N a 0z, (2.1)

_ aF

s == [ 4 — ) P — ma® — maza - |
- @ __aF

ta = cuny” rry [(dl — @) F — di® — dizy - ]

aF D atF
tae = Cu[(dxll - dzlz)a—zl' —dih i dihzn —a;lT]
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-— -1 p— . —— -
2y = nylay, © = 09/0z;5 dy = 0gy350510 " + my

— -1 -
Ay = 20133 @g101 " + My — 1, €4y = Oy

Here the quantities ¢y, 7, My, I;,d; belong to the plane problem in contrast to those
utilized earlier /2, 3/ for the spatial problems.

The potentials F, ¢, @ satisfy the Laplace equation in the variables =z, z;. The quan-
tities ny, m;, I; are determined for compressible bodies /2, 4/ by the equalities

Ny = (QgppsPoypp W11 Drpay 1) (2.2)
my = (Oy3537; — Ogyp9) (D190 F Wye10) 7
My = (@gyes + O1p — 26y33) (O1100 + Bpap0)7?
I = (N1 00011 + MyWy90) 17 (Dpy10091017 + M) 0p7!
Iy = [—ny0uy; + (my + My — 1) 00010 (20511500595, +
my — 1) wpget

For incompressible bodies

Ny = Goof1r * (Ranig¥igar )Y, my = q19ss 'y, My = 1 @3
Iy = [myxgses + my (9117 o111 — g1z — 2%1120) —

911 Gastagsa] 17 (KopigKorar ™t + M) gyt
Iy = Imyngges + 71 (911 eeXa111 — Kaaag — 2%1100) —

3011 Gas%or1al g (2gq09% 10107t + my — 1) ugpy,!

with the component of the tensor @ in (2.1) replaced by corresponding components of the tensor
%.
For unequal roots (ny5= ny)

_— 3 _ -1, 01 1y 0¢2
U= = (P1 + @), us=rum T e (2.9
[/} —1/, 9 _1/, O
to1=caq rr [ dang" ——af: + doniz” _—62): ]
ey 3%,
by == caq (dlllm + dals 022:)
2 = n;hry, d = @00t My, L= 1, 25 cy = Oy,

The potentials ¢; satisfy the Laplace equation in the variables =y, 2, i =1, 2.
The guantities n;, m;,!; are determined for compressible bodies /2, 4/ by the equalities

— 2 - -
Pra = ¢ 2 (® — 013509999 @199,7 155,72 (25
200111101081 = Opg91 0159 + 01111 Og900 — (D130 -+ By910)°
my = (n;0y17; — Oype) (Og309 + Wpar) ™, L = (M ©y05 —

—1 T S
7y Wg311) (0112020 + my) 0 lagy,, i =1, 2
For incompressible bodies

(2.6)

—_ 2 2,y ~2 1 41
ny, . = ¢ (f — g%y, Ka119M1221)

— -2, 2, -
2cM1201 = Haoe + Gui Men %11 — 2911 Gas (H1ze + %io10)

— -1, ] ~1
m; Inges iy I = [My%gg0, ‘*1‘ 74 (@117 GasMan — 2%y190 —
-1 — — -1 -1
Hio1g) — Qa1 Gag¥arre] (Rens¥na + mi) in g,
i=1,2

with the components of the tensor @ in (2.4) replaced by the components of the tensor x.

The determination of the tensors @ for compressible bodies and % (as well as the
quantities g¢;;) for incompressible bodies is discussed in detail in /2/, appropriate simplifi-
cations are introduced in the procedure for their determination here when examining the two
versions of the theory of small subcritical strains.

3. Taking into account the symmetry of the displacement field about the &, axis, we
represent the potential in the representation of the general solutions (2.1) and (2.4) in the
form of Fourier integral cosine expansions in the coordinate &, and consider the values z, > 0.

For equal roots

@ (71, 21) = — 3 [B1(A) sh A (h; — z1) + Bz (A) ch A (hy — z1)] (A sh M) cos Azy dA 3.1
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F (a1, )= S [A1(A)ch A (hy— z1) + Az (A)sh A (hy — 23)](sh ARy) 7! cos Azy dA

¢

which corresponds to evenness of the displacement u, in 2z; and unevenness of u,;.
For unequal roots

oo

@1 (11, 21) = S [A2 (M) eh A (b1 — 21) + A2 {A)sh A (s — z;)}(Ash Ay cos Ay dAh
L

(pz (J‘l, 32) = S [Bl (}\.) ch A (}22 — Zg) + Bg (?\«) Sh A (hz —_— Zz)](?vsh }\hg)‘.l cos }\1.2‘1 dAh
¢

(hi=hrii'", i=1,2)

The boundary conditions given in the whole z, = const plane (the last three
in (1.3)) afford the possibility of preserving just one out of the four unknown
A; (W), By (A) (i ==1, 2) in the integral expansions (3.1) and (3.2). The remaining
conditions enable the problem to be reduced to systems of two pairwise integral
the symmetric and bending buckling modes, respectively.

The bending buckling mode. Taking (2.1) and (2.4) into account, the first
conditions in (1.3) follow from the relationships:
For equal roots

¢=0 (5=0, a <z << 0)
A —~d) F—d @ =0(z; =0, 0 z,<a)
For unequal roots
1t =00 =0,i=1,2 o<z < oo)

1, 8 ify B .
ding” af; +d2n3fai;:=0 (z=0,i=1,2,02:<Cq)
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(3.2)

conditions
functions

two boundary
equations for

two boundary

(3.3)
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On the basis of (3.3) and (3.4) we obtain systems of dual integral equations in the form

A (1 — g (A)]cosha dh =0 (O<Ca<a)

Sty Oty g

A(Rycoshadh =0 (a<la1<oc}

Here for the equal roots

A@R)=r241(0), g(M)=— f(w) + ma/ksh®

L — L) d, — A
k:—(l’zdle—y f(p)z%)‘“a piz:)"hi» i=1,2

For unequal roots

A Q) =274, (), g (0 =E 7 hof () — Rof ()]
by = lln;’f" ky = 2'2;%: =k —k

(3.5

(3.6)

3.7

The symmetric buckling mode. ©On the basis of the first two conditions in (1,.3) we obtain

a system of dual integral Egs.{3.5), where in the case of equal roots
A =4,(4), g(A\) = —F (u) — p/(k sh® )
FPor unequal roots

A Q) =4, (), g () =& [kof (o) — kof (w1)]

4. We will seek the solution of system (3.5) in the form /4/

Ay =n"2{w(t)(cos At — cosra) dt

0

(3.8)

(3.9)

(1)

where © (f) is an unknown function. It can be shown, by taking account of the value of the

discontinuous integral /5/
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o n/2, 0{g<p
z ’ =
o 0, ¢>p>0

and using integration by parts, that the second equation in (3.5) is satisfied. The remaining
dual equation when taking account of the value of the integral /5/

2 e z,3
Fi

S‘ {cos At — co?.:, Aa) cos Az A= _;. In

2z
—
[

enables an integral equation to be obtained with a logarithmic sinqularity

a

Sm(t) In

a ———11

Sm(t)K(x,, fydt—0 (4.2)
Kz, 8)=2 S A7g (A)(cos At — cos Aa)cos Azydh {4.3)
i

where g (A} is determined on the basis of (3.6)-(3.9)

Using the unknown integrals /5/, the properties of the Gamma function and its logarithmic
derivative /6/, we obtain the integrals needed later to write the kernel of (4.3) in explicit
form

sin Az sin A 1
ShE Ahy -dh = Thd

{=@—pmncth Ll (4.4)

exp (— gM) sinAzsinAt L. gbedi(t—a)
Asheh dh={RelnT (_____2__>}

S SO 3

{f @} =1 — (=~
Reducing relationships (4.2) and (4.3} to dimensionless form and taking account of (4.4},

(3.6)-(3.9), we obtain the following eigenvalue problem in the reduction parameter 2, (see
(1.1)):

Sf(n)ln | dn— Sf(n)M@, m) dn=0, (4.5)

M(§,n)=3(ﬂ+§)+Rm—-§)——R(i+§)—B(1—-§)

Here for equal roots

— P 5]
R(t)=(— 1) oy oth 5 — 2ReIn T (1 + i - (4.6)
For unequal roots
2 .t .t
R(C)~-~,‘-[kzae1nr(1+z7ﬁ:)—klaemr(1+z zﬁv)] (4.7)

where B;=n;"f, j=1,2; B==he'; o =2, y=1 for the symmetric buckling mode, and a==1, y==
2 for the bending mode.

The kernel M (E,n) of the integral Eq. (4.5) obtained is continuous everywhere, as follows
from (4.6) and (4.7), except at the point A* corresponding to the surface instability of the
half-space and defined by the equation k ==0. From reasoning of a physical nature the
critical values of &; in the problem under consideration should be greater than the critical
values of A, for a plane with a crack that equal M* /2/, i.e., they should be sought in the
domain A,* < A, << 1, where the function M (§, ) is continuous.

5. It is convenient to carry out a numerical investigation of the eigenvalue problems
(4,5)-{4.7) obtained for the parameter A, by the Bubnov-Galerkin method. The numerical
integration is performed by Gauss quadrature formulas and quadrature formulas for the integration
of functions with a logarithmic singularity /7/. The function InT{z) in the kernel M (§,nm)
is calculated effectively by using asymptotic expansions /6/ or rational approximations /8/
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with recursion relations. The system of power functions 1,z,:%, ... was selected as the co-
ordinate system in the examples presented below.

Examples. 19, A material with a Bartenev-Khazanovich potential (an incompressible body,
equal roots). 1In the case of the subcritical state (1.1) we have for the potential under
consideration (u is a material constant)

%pan = 2pA g, Rypge == 0, Hyyg = 2phy"Thg (A + Ag)7? (5.4}
Haprz = %ygm = 2 (A + A7V, Ypges = 20007, Mhohs =1, Ay = 1

ny=ng = M2, omy =1, me =4, o= 2pM7 (4 A7 By = B4

L=, =27 (g7 — 1), k= (3h® — D)4 1), A% = 0.577

The dependence of the relative critical reduction &= (1 —3) on the dimensionless half-
distance between the cracks P= k! for the bending buckling mode is represented by the solid
line in the figure (for the symmetric mode the critical values of g turned out to be greater
than the values &* = (1 —A?*), corresponding to the surface instability of the half-plane). The
nature of the convergence as a function of the number N of coordinate functions utilized is
illustrated for p=1'Yy by the following data: e = 0.008 for ~N=1, g = 0.010 for N=2 and
g = 0.012 for N ==3,4,5 (the critical values ¢, are presented to the third decimal place).

29. A material with a Treloar potential (an incompressible body, unegual roots). We have
for the subcritical state (1.1} (€, is a material constant)

My = 2050 (7%he® + 1), Rypge = 0, %qapp = 2030071, (5.2)
Ryzer = Yoz = 2010, Roppe = 40100 44 = 2010k MAy

ny =1, ny = &FA7E, my = ARy, my = Myhyt

1= kg (A -+ AL, T = 27T th, (1 4+ AyPhg-3)

Br= 8, Ba= BAS% By = 20" (% 4 A7 Ky = 2771, (1 AMPATR),

ko= — kpy Ahghy = 1, Ag = 1, A* = 0.544

For the material mentioned, the dependence of the relative critical reduction ¢ on the
dimensionless half-distance between cracks p is represented by the dashed line in the figure
(the results are presented for the bending mode).

Discussion of the results. BAs the results of the numerical analysis show, the method
used for the investigation is gquite effective {(two-three coordinate functions are adeguate for
calculating the critical value of the relative reduction to the third decimal place & = {1 — Ay,
For small values of the dimensionless half-distance between cracks f = ke the mutual influ-
ence of the cracks results in the critical values of g being considerably less (by two orders
of magnitude) than the values corresponding to one crack in an infinite material and equal
g* /2/ (see the figure).

As P-so0 the critical values of the relative reduction tend
asymptotically to the value & =¢&* both for the bending and the
'y symmetric buckling modes (as P — o the cracks do not interact,

O S N i.e.,, this is the case of an isolated crack in an infinite material).
QQ I i In conformity with the fracture criterion assumed the critical
values obtained for the relative reduction e characterize the
.04 beginning of the fracture of a material weakened by a periodic
e 7 system of parallel cracks under compression along the latter. 1In
// the case under consideration when the bending buckling mode is
L oz / realized, the critical values of & obtained will here obviously
P also characterize the subsequent total fracture of the material
g b in the whole domain occupied by the cracks since a phenomenon
085 O 025 ) N .
occurs in this case that is analogous to the appearance of a
I EJ plastic hinge over the whole material thickness in the beam
g 2 4 bending case.
A completely different situation is obtained in the case of
near-surface cracks /3/, when local buckling results just in local
fracture of the interlayer between the crack and the free surface and the question of fracture
of the whole material requires further study. An analogous phenomenon also holds for a finite
number of cracks when local buckling also results in just local fracture; the questions of
local fracture as it applies to the case of two cracks are investigated in /9/.

Note that the method of investigation developed above for elastic materials weakened by

a periodic system of cracks can also be extended to more complex models of materials /2, 10, 11/.
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FRACTURE CRITERIA FOR MATERIALS WITH DEFECTS”
L.N. GERMANOVICH and G.P. CHEREPANOV

Classical theories of the strength of materials start from concepts of
the existence and uniqueness of fracture surfaces in the space of
indpendent loading parameters: on approaching a certain point of this
surface from within along any arbitrary loading path, the instant of
fracture is fixed by the very same combination of loading parameters.
Such are all the strength criteria appied in the strength of materials
(in stress space), for instance, Galileo, Poncelet, Coulomb, Tresca,
Saint-Venant, Moore, Mises, etc. /1-16/. This concept turned out to be
valid even from the viewpoint of fracture mechanics in the case of active
loading paths /17/.

Analysis of these concept in the case of two (and more) independent loading parameters
and for any loading paths is of interest fromthe viewpoint of modern fracture mechanics
according to which the fracture of real materials is explained by the development of cracks
in them from certain initial defects. The most widespread kinds of initial defects here are
obviously pores and cracks. Representative of crack and pore materials are concrete, ceramics,
composites, mountain rocks and other geomaterials for which the representation of a fracture
surface is used extensively at present to describe their strength.

We consider below two problems of fracture mechanics with two independent loading
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